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Abstract. The purpose of this paper is to present a systemic study of some families 
of the generalized g-Euler numbers and polynomials of higher-order. In particular, by 
using multivariate p-adic invariant integral on Z p , we construct the generalized q-Euler 
numbers and polynomials of higher-order. 



1. Introduction 

Let p be a fixed odd prime and let Z p , Q p , C and C p denote the ring of p-adic 
rational integers, the field of p-adic rational numbers, the complex number field and 
the completion of algebraic closure of Q p . The p-adic absolute value in C p is normalized 
so that \p\ p = i. For d a fixed positive odd integer with (p, d) = 1, let 



X =X d = |imZ/dp JV Z, X t =Z 



N 



X* = [J a + dpZ p , 



0<a<dp 
(a,p) = l 



a + dp Z p = {x G X | x = a (mod dp )} 
where a G Z lies in < a < dp N , (see [3-19]). 
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When one talks of (/-extension, q is variously considered as an indeterminate, a 
complex number q G C or p-adic number q G C p . If q G C, one normally assumes 
|g| < 1. If q G C p , one normally assumes |1 — q\ p < 1. In this paper we use the notation 

[x] q = yz^-' and = 1 i + • 

Let x be the Dirichlet's character with conductor d(= odd) G N. Then the generalized 
Euler polynomials, E njX (x), are defined as 

(1) F x (x,t) = ^^^V = fX x (^, (see [3, 6]). 

We note that, by substituting x = in (1), i? n)X (0) = E HjX is the familiar n-th Euler 
number defined by 

1=0 

For / G UD(Z P ), let us start with the expression 

E (-w(j)= E fV)M+p N Zp) 

0<j<p N 0<j<p N 

representing analogue of Riemann's sums for /, cf.[l-10]. 

The fermionic p-adic invariant integral of / on Z p will be defined as the limit (N — > 
oo) of these sums, which it exists. The fermionic p-adic invariant integral of a function 
/ G UD(Z p ) is defined in [1, 3, 5, 7, 10] as follows: 

(2) 1(f) = f f(x)d^x)=\im E f(j)v(j+p N Z P ) = Jim E 

""^ 0<j<p N 0<j<p N 

Thus, we have 

7(A) + /(/) = 2/(0), where A(x) = /(a; + 1). 
By using integral iterative method, we also easily see that 

n-l 

(3) I(f n ) + (-lr-'ltf) = 2 E(-l) n - 1 "7(/), where f n (x) = f(x + n) for n G N. 

z=o 
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From (3), we note that 

(4) f^M- 'ttjrW™ .^*. 

Jx n=0 

By (4), we see that 

(5) / x(x)x n dn(x) = E n , x , and / x(y)(x + y) n d^(y) = E n>x (x), (see [6]). 
Jx Jx 

The n-th generalized Euler polynomials of order k, e!£ x (x), are defined as 

(6> f 2Et °l"+| x( ' )e 'T e " = x>sw£. (see i«' 7 »- 

V / n=0 

In the special case x = 0, .En,x(0) = ^n,x are called the n-th generalized Euler numbers 
of order k. Now, we consider the multivariate p-adic invariant integral on Z p as follows: 



/ xM---xMe^ + --- +Xk+x)t d f i(x 1 )---d f i(x k ) 
Jx Jx 

k 



n=0 



By (6) and (7), we obtain the Witt's formula for the n-th generalized Euler polynomials 
of order k as follows: 



(8) 



j x " ' j x (ll j (a^i + • • • + ^ + x) n d//(*i) • • • d//(x fc ) = (a). 



In the viewpoint of the (/-extension of (8) , we will consider the (/-extension of generalized 
Euler numbers and polynomials of order k. The purpose of this paper is to present a 
systemic study of some families of the generalized (/-Euler numbers and polynomials of 
higher-order. In particular, by using multivariate p-adic invariant integral on Z p , we 
construct the generalized (/-Euler numbers and polynomials of higher-order. 
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2. On the (/-extension of higher-order Euler numbers and polynomials 

In this section we assume that q E C p with |1 — q\ p < 1. For d E N with d = 1 
(mod 2), let x be the Dirichlet's character with conductor d. For h E Z, k E N, let us 
consider the generalized (/-Euler numbers and polynomials of order k in the viewpoint 
of the g-extension of (8). First, we consider the (/-extension of (1) as follows: 

oo „ oo 

(9) 5>™(*H= / e^ t X (yW(y) = 2j2x(m)(-ire^ t , (cf. [1,4]). 

n=0 X m=0 

By (9), we have 



[x + y] n q x(yW(y) = 2 J2 X(m)(-ir[m] n q 

til 1 JL /„\ J(a+x) 



From the multivariate p-adic invariant integral on Z p , we can also derive the g-extension 
of the generalized Euler polynomials of order k as follows: 

(11) 

oi,— ,o fc =0 \i=l / v ^ y Z=0 V ' y y 

d— 1 / k \ oo / , A; 

= 2" e II (-d e? =' ■* E ( m „; " ) (-m* +E^+ 

ai,---,afe=0 \i=l / m=0 ^ ' j = l 

d—1 /k — 1 \ 00 / i 7 1 \ ^ — * 

= 2 fc E II (-1) E - *' E r „ " ) (-l) m x(H [x + E «i + <• 

oi,-- ,a fe _i=0 \i=l / m=0 ^ ' j = l 

Let F^(t,x) = E^°=o (^) & • Then we have 

(12) 

^x ) (^) = E^L^)^t 

n=0 

= 2 fc e fflxK)) E ( m+ ^ _1 )(-ire^+^^ +dm ^. 

ai,---,a fe =0 \i=l / m=0 ^ ' 
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From (12), we obtain the following theorem. 
Theorem 1. For fceff,n>0, we have 



9 k d-l / k \ n (n\(_-,\l J(»+ELiOj) 

41, = ^ E (nxw)(-i) s ?-'E (l)( V )t — 

v yy oi,-,o fc =o \i=i / 1=0 v ' y y 



2 fc E II *m ^ u aj E H" ) (-!) m [- +E°i+ 

oi,-",Ofc=0 \i=l / m=0 ^ ' j = l 



For /i G Z, k G N, let us consider the extension of En X q (x) as follows: 
(13) 

E fn^Ca*)) (-i)^-^^-^^ / ••• / ^ 



ai,---,a fe =0 \i=l 
k 



[x + ^^(dxj + a,j)]qdfj,(xi) ■ ■ -dfi(xk) 



where (a : (/)*; = (1 — a)(l — a<?) • • • (1 — a(/ fc_1 ), (see [1, 4]). 

It is well known that the Gaussian binomial coefficient is defined as 



(11) \ n \ - [n] q -[n-l] q ---[n-k + l] q 

\k)- [k] q .[k-l] q ...[2] q .[l] q ' Csee LI, 
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By (13) and (14), we easily see that 
(15) 

m=cA m A d 

= 2 fc [<f;( m+fc - 1 ) ( _i)v (,i - fc) - E frix(a,))(-i)^^ 

m=0 ^ "' ' 1 d oi,-,o fc =0 \i=l / 

Let F [ x h q k \t,x) = E*=o^ftf«WS- From(15), we note that 
(16) 

= 2* £ ( m+ ^ _1 ) (-l)V (fc "* )m E fflxCo*)) (-l)E'- ' 

m=0 ^ '9 oi,"- ,a fe =0 \i=l / 



By (16), we obtain the following theorem. 



Theorem 2. For h e Z ; G N, we /jat>e 



^*)(x) = 2 fc [dij£ 



m=0 



m + fe — 1 



d-l 



-i)v (h -* )ra e n*( 

1 ai,— ,a k =0 \i=l 

(_l)£*=i «^E, fc =1 (^-J>-i[ m + X + ai + fl2 + ' ' ' + a *in 



d-l 



2^ \LLX{^)){ L) q (!_ g )nL (- q d(h-k+l) . q d) k 



ai,---,Ofc=0 \i=l 
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For h = k, we have 
(17) 



9 fc d-l ( k \ n (n\/i\l J(Ej=i«i+^) 

n»[«fl;£;( m + *- 1 ) (-D- £ (nxw)(-D^^' 

m=0 ^ ' '9 oi,"-,o fe =0 \i=l / 



(k-j)aj 



, x + ai + a 2 H ha fc . 

[m H 



It is not difficult to show that 
(18) 

/ •••/ [u^ x A^ U(m ~ j)xi+mx ^i)---d e (nx(oi) 

y j = 1 y oi,-,o fc =0 \j=l , 

Jz p Jz p 

(_ ? d(m-fc) . ? d) fc 

From (18), we can derive the following equation (19). 
(19) 

A-Et-.,q fc =o (ifcixfcj)) ^-^(-i)^^ 

(-qd(rn-k) . gd~) fe 

= J^ - ■ ■ J^([x + Xl + ■ ■ ■ + x k ] q (q - 1) + l) m q- E ^ jx > ^Jl Xfa^j d^xx) ■ ■ ■ d^x k ) 

= £(7) (o_i) ' / ■" / (n^) ) ^+^i+---+^]g«" Ejfc = ijxj ^(^i)---^(^) 

z=o ^ ' Jx Jx y j=1 y 



1=0 

By (19), we obtain the following theorem 
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Theorem 3. For d,k GN with d = 1 (mod 2), we have 



fc 



From the definition of p-adic invariant integral on Z p , we note that 
(20) 

q d{h - 1] J x ---J x [x + d + Xl + --- + x h ]»q^UU<-i>i (j[ x ( Xj )j d»( Xl ) ■ ■ ■ d»(x k ) 

„ „ / k \ d— 1 

= / ••• / [x + x 1 + -.. + x fc ]^-( fc -^ df,(x 1 )---d f ,(x k ) + 2j2x(l) 

Jx Jx \j=l J 1=0 

(-1)' J x --Jj x + X>i+il? ( II J ? E - ll( "- 1 - J>3+1 ^(^) • --d/iixk). 



By (20), we obtain the following theorem. 

Theorem 4. For h E 1, d G N mt/i <i = 1 (mod 2), we have 



d-i 



(21) ^ (h - 1) ^^ + rf) + ^^) = 2^ X (0(-l)^- 1 ' fc - 1 )(x). 
Moreover, 

Let 

n=0 

Then we have 

oo 

(22) F^\t,x) = 2j2x(n)q {h - 1)n (-l) n e [n+x] « t . 

n=0 
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By (22), we see that 



= 2 E X(m)q {h - 1)m (-irim + 

m=0 

2 



x\ 



d-1 



d-1 



(1-9) 



-£x(ai)(-i) ai £ 



ai=0 



Z=0 



) ( — l)'g'(a:+ai) 
(1 + q ld ) 
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